SECTION B

FOURIER
TRANSFORM



2.1 FOURIER SERIES

« Usually, a signal is described as a function
of time .

* There are some amazing advantages Iif a
signal can be expressed in the frequency
domain.

 Fourier transform analysis Is named after
Jean Baptiste Joseph Fourier (1768-1830).



« A Fourier series (FS) is used for
representing a continuous-time periodic

signal as weighted superposition of
sinusolds.

 Periodic Signals A continuous-time signal
IS sald to be periodic If there exists a
positive constant such that

X(t) =x(t+T,)
where T, Is the period of the signal.



« T, :fundamental Period

% . fundamental frequency

o fO:

« Example: Periodic and aperiodic signal
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« {xn} are called the Fourier series coefficients of the signal
X(t).

* The quantity f, =% Is called the fundamental frequency
of the signal x(t)

« The Fourier series expansion can be expressed in terms of
angular frequency w, = 24f, by

@, a+2rxlay
X, =—

n

x(t)e "' dt
27T Ja

and

X(t) = ixnej”“’O‘

N=—o0



Discrete spectrum - We may write X, = x, |’ where

| X, | gives the magnitude of the nth harmonic and £X,
gives its phase.
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Figure 2.1 The discrete spectrum
of x(¢).



« Example: Let x(t) denote the periodic signal depicted in
Figure 2.2

x(1)

— T - —» T| - — T -

p
2 Figure 2.2 Periodic signal x (7).

where

TI(t) =

o Nk

otherwise.

IS a rectangular pulse. Determine the Fourier series
expansion for this signal.



Solution: We first observe that the period of the signal is To

and . 2
—IO x(t)e " gy

Ty /2




Therefore, we have
j27zt
T . nt\| "o
x(z) = —SINC| — |
=27 [TJ
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\ Figure 2.3 The discrete spectrum of the
rectangular pulse train.
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Superposition of x(t)= Z—smc[T—je .

7=0.5To=2; lim xu(t) = x(t).
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Table 1: Properties of the Continuous-Time Fourier Series

+o0 +o0
x(t) = Z apetteot = Z ape* /Tt
k=—oc k=—nc
ap = l/.1'(f)("’""“’”t(lf = l/A1'(f)("j’"uﬁ/ﬂtlh‘
T Jr T Jr
Property Periodic Signal Fourier Series Coefficients
x(t) Periodic with period T and a
y(t) | fundamental frequency wy = 27 /T by
Linearity Aux(t) + By(t) Aay. + Bby,
Time-Shifting x(t —to) ape IR0t — g g=RCm/T)to
Frequency-Shifting Mot — r'j‘“(")”/T“.r(f) Wp— 1
Conjugation (1) a’y,
Time Reversal x(—t) a_p
Time Scaling z(at), 0 > 0 (periodic with period 7'/a) ay
Periodic Convolution / x(7)y(t — 7)dr Taby.
i +00
Multiplication x(t)y(t) Z abr—
l=—x
L —— dx(t) ” AZT
ifferentiatior ay = jk—a
entiation dt JRWoar = J T k
t n .
; (finite-valued and 1 1
Integrat x(t)dt i : —ar = ———=
ntegration /_x l( )( p(‘l‘lodl(’ ouly if ap = 0) j/\'w’n ay, jk(?ﬂ/T) [
ap =a’,
Redap} = Re{a_
Conjugate Symmetry r(t) real ‘\\Sil;{ll(’;}} _ _(glmk{i }
for Real Signals ' : kS =¥
jax] = Ja_
Ja, = —Ja_y
Real and Even Sig- 2(t) real and even ajy, real and even
nals
Real and Odd Signals  2:(t) real and odd ay, purely imaginary and odd
Even-Odd Decompo- x.(t) = Ev{x(t )} [x(t) real] Re{ay}
sition of Real Signals 2o(t) = Od{x(t)} [x(t) real] JSmiag}

Parseval’s Relation for Periodic Signals

1 +00
29 2
T /1‘ |(t)|>dt = E ||

k=—




2.2.2 Basic Properties of the
Fourier Transform

 Linearity Property: Given signals x (t) and x,(t) with
the Fourier transforms

F[x(0)]= X, (1)

F[x,(t)]= X, (1).
The Fourier transform of ax, (t) + %, (t) IS

Flax (t) + 5x, ()] =aX, (1) + FX, ().



« Duality Property:
If X(f)=F [x(t)], thenx(f)=F [X(-t)]andx(—f)=F [X(t)].

Proof:

F [X(-t)]= fo X (—t)e 127 gt

_ °° X (t)e’? "t
= X(f).

FIXOI=] X(t)e > "dt

=" X (©)e’? "t
= x(-f).



« Time Shift Property: A shift of t, in the time origin
causes a phase shift of —2zft, in the frequency domain.

F [x(t—t)]=e"?""™F [x()].

Proof: ~ |
F[x(t—t,)]= j X(t —t,)e 1% "dt.
et t'=t—t,

F[x(t—t,)] :f x(t e 127 )t
— e_j277fto Ijo X(t I)e—j272'ft'dt|
_ e—jZﬂftoF [X(t)] _ e—j27zft0 X ( .I: )



Scaling Property: Forany real a=0 , we have

F [x(at)]—ix( fj
El
Proof:
Case1l: a>0

F [x(at)] = f x(at)e 127 "dt.
Let t'=at; we have dt=(1/a)dt’
P [xGal= [ xee - 2x( L)
a“—= a a
Case 2: a<0
F [x@at)] =] x(at)e *"dt.
Let t'=at ;wehave dt=(1/a)dt’
f

F [x(at)]= 1 j Cx(t)e g = Iy (—
a“” a a

)



« Convolution Property: If the signal x(t) and y(t) both
possess Fourier transforms, then

F Ix@=*yO]=F X(OI F [y®]=X(1)Y(T).

Proof:
Convolution  x()*y(t) =] x(z)y(t-7)dz
F x@*yOl=| ( [y X(r)y(t—r)dr)e_jz”ft dt

[ x(f)( [ y(t—r)e‘jz”ftdt)dr

— : X(7) (e‘jz”fTY(f)) dr

=Y (f) j:x(f)e-izﬂ”dr
= X (f)Y(f).



- Modulation Property: The Fourier transform of x(t)e!*"
Is X(f —f) ,and the Fourier transform of

X(t) cos(27 f.t) = X(t)%(ejzzfot penin)
IS

1 1
SX(F =T+ o X(f +fo),

Proof: | 3 | |
F [X(t)eJZHfot]: ) X(t)eJZﬁfote—jZﬂft dt

_ .0 X(t) e_j27z'(f—fo)t dt

=.X(f - f,).



« Parseval’s Property: If the Fourier transforms of x(t)
and y(t) are denoted by X (f) and Y(f), respectively,
then

[" x®ymdt=[" X(f)Y"(f)df.



 proof:

( | X (U)e””‘“du)( [“Ywer dv)* i

[ XY W) e e dt dv du

[ x@y @at=|"

—Q0

-[L1. X(U)Y*(V)( jie””‘“‘”tdl)dv du

o —00 o —

=[" " x@Y () su-y)dvdu

=" XY W su-v)dvdu

o —00 o —

=" X ()Y (u)du

= [ X (f)Y"(f)df .



« Rayleigh’s Property: If X(f) is the Fourier transform of
X(t), then

[ xfde=]" |X(H)f df.

Proof:

[ xof dt=]" x®x'® dt‘: [“X (X (Fydf = |x(F) f.

Parseval’s Property



« Autocorrelation Property: The (time) autocorrelation
function of the aperiodic signal x(t) is denoted by R (7)
and is defined by

R(z) = x(t)x(t—7)dt.

The autocorrelation property states that
F [R,@I=[X(F) .

 Differentiation Property: The Fourier transform of the
derivative of a signal can be obtained from the relation

F {%x(t)}:j&zf X (f).



 Integration Property: The Fourier transform of the
Integral of a signal can be determined from the relation

j2r

F [ [ x@ar =20 2 x s

- Moments Property: IfF [x(t)]= X (f). then | t"x(t)dt,
the nth moment of x(t), can be obtained from the relation

° NERN
j_wt x(t)dt_(zﬂj o X (f)

f=0



TABLE 2.1 TABLE OF FOURIER TRANSFORMS

Time Domain (x(¢)) Frequency Domain (X (f))
8(1) 1
1 8(f)
5(f _ I()) e—ﬂnfto
gl fot 8(f — fo)

cos(2 fot) 18(f = fo) + 38(f + fo)

Sin(27 fot) —L8(f + o) + £8(F = fo)
1, <3

ne =< 1, ==}
0, otherwise
sinc(t)
t+1, ~-1<t<0
A@)=¢ —t+1, 0<t<l1
{ 0, otherwise
sinc?(¢)
e u_1(t),a >0
te ™ u_1(t),a >0
e—altl

e—:ﬂ'n‘2
t>0

1,
sgn(t) =4¢ =1, t <0
0, =0

u_1(t)
&'(2)
5(")(t)
1

t
S T8t —nTp)

sinc( f)

(£
sinc?(f)
A(If )

a+j2nf

1
@+j21f)?

2
a?+(Q2nf)?

2
e S

1/(jmf)

38N + 57
j2nf
(j2rf)"
—jmsgn(f)

% L8 (f = %)




Table 4: Basic Continuous-Time Fourier Transform Pairs

Fourier series coefficients

Signal Fourier transform (if periodic)
+o0 +00

Z el Fwot 27 Z apd(w — kwo) ay
k=— k=—oc

jwot Sl on ay = ].
g 2l — ) ap =0, otherwise
cos wot m[é(w — wo) + 06(w + wo)] B =ly=5
o 0 0 ap =0, otherwise
T
. e < ay = —a-1 = 37
sinwot —0(w —wg) — 0(w+w : J
“0 j[ (W = wo) (W wo)) ap =0, otherwise
ag=1, apg=0; k#£0

F(E)=11 270 (w)

>0

this is the Fourier series rep-
resentation for any choice of

Periodic square wave
1 |l“ < Ty

—+00 0 :
&) = { 7 2 sin kwolh woly . kwoT sin kwoTh
£ 0 S (w — kw sinc =
0; i<t =< 5 Z T o( kwo) - ailele - kT

and e

x(t+T) =x(t)

+00 +o0

" 27 . 27k 1.

Z o(t —nT) T 0 (w - ) ag = o for all &
N=—00 k=—o0

' 1, [t<Ti 2sinwT)
‘l(t){ 0, |t|> T} -

sin Wt oo | L e W

wt X () ‘{ 0, |w|>W B
o(t) 1 —
i -
u(t) T + 7o (w) o
o(t —tg) e~ Iwto —
i
e~ %u(t), Re{a} >0 o
(1) Refa) o

te—at:[,(f).g%e{(l} ) m o

(fl_l)!e*“‘tu(t). 1

Re{a} >0 (a+ jw)"




Table 3: Properties of the Continuous-Time Fourier Transform

x(t) = (1~/ ‘\’(.ju)(ﬂ"“"'(lw
o0

X(jw'):/_ .r(f)('_j“"'(h‘

Property Aperiodic Signal Fourier transform
(o) X (jw)
y(t) Y(jw)

Linearity ax(t) + by(t) aX(jw)+ bY (jw)

Time-shifting
Frequency-shifting
Conjugation

Time-Reversal

Time- and Frequency-Scaling

Convolution

Multiplication

Differentiation in Time
Integration

Differentiation in Frequency

Conjugate Symmetry for Real
Signals

Symmetry for Real and Even

Signals

Symmetry for Real and Odd
Signals

Even-Odd  Decomposition  for
Real Signals

x(t) real and even

x(t) real and odd

(1) = Eof (1)}

T [x(t) real]
x,(t) = Od{x(t)} [2(t) real]

390 X (i)
X(j(w —wo))
X*(=jw)

X (—jw)

s (%)
X (juw)Y (jo)
L X(jw) ¢ ¥ (jw)

27

JwX(jw)

X (ju) + TX (0)3()

Jw

)
X(jw) = X*(—jw)
Re{X (juw)} = Re{ X (—jw)}
Sm{X (jw)} = —=Sm{X(—jw)}
|X (jw)| = | X (—jw)|
IX(w) = —gX(—jw)

X (jw) real and even

X (jw) purely imaginary and odd

Re{X (jw)}
JSm{X(jw)}

Parseval’s Relation for Aperiodic Signals
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